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a b s t r a c t
Agraph is called a Laplacian integral graph if the spectrumof its Laplacianmatrix consists of
integers, and a graph G is said to be determined by its Laplacian spectrum if there does not
exist other non-isomorphic graph H such that H and G share the same Laplacian spectrum.
In this paper, we obtain a sharp upper bound for the algebraic connectivity of a graph, and
identify all the Laplacian integral unicyclic, bicyclic graphs. Moreover, we show that all the
Laplacian integral unicyclic, bicyclic graphs are determined by their Laplacian spectra.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper, G = (V , E) is an undirected simple graph with V = {v1, v2, . . . , vn}. Let d(u) denote the degree of u.
Especially, ∆(G) and δ(G) denote the maximum degree and minimum degree of vertices of G. If d(u) = 1, then we call u
a pendant vertex of G. As usual, Ks,t denotes the complete bipartite graph with s vertices in one part and t in the other, and
Cn indicates the cycle of order n. Let Kn and Pn denote the complete graph and path of order n, respectively. Especially, K1
indicates an isolated vertex.
Let A(G) denote the adjacency matrix of G, and D(G) be the diagonal matrix whose (i, i)-entry is d(vi). The Laplacian
matrix of G is L(G) = D(G)− A(G). It is well known that L(G) is positive semidefinite so that its eigenvalues can be arranged
as follows:
λ1(G) ≥ λ2(G) ≥ · · · ≥ λn−1(G) ≥ λn(G) = 0,
where λn−1(G) > 0 if and only if G is connected and hence is called the algebraic connectivity of G.
A graph is called a Laplacian integral graph if the spectrum of its Laplacianmatrix consists of integers, and a graph G is said
to be determined by its Laplacian spectrum if there does not exist other non-isomorphic graph H such that H and G share the
same Laplacian spectrum. In this paper, a sharp upper bound for the algebraic connectivity of a graph is obtained, and all the
Laplacian integral unicyclic, bicyclic graphs are determined. Moreover, it is proved that all the Laplacian integral unicyclic,
bicyclic graphs are determined by their Laplacian spectra.
2. The algebraic connectivity of a graph
Recently, the algebraic connectivity of a graph has received much attention (see, for instance, [1–4]). In this section, we
shall give a sharp upper bound for the algebraic connectivity of a graph. Now we list some useful lemmas as follows.
Lemma 2.1 ([5,6]). Let G be a graph with at least one edge. Then λ1(G) ≥ ∆(G)+ 1. Moreover, if G is connected, then equality
holds if and only if ∆(G) = n− 1.
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Lemma 2.2 ([5]). Let G be a graph with n vertices. If λi(G), i = 1, 2, . . . , n are the eigenvalues of L(G), then the eigenvalues of
L(Gc) are n− λi(G), i = 1, 2, . . . , n− 1 and 0.
Let G′ = G+ e denote the new graph obtained from G by inserting a new edge e into G, and G− u be the new graph yielded
from G by deleting the vertex u ∈ V (G) and all the edges adjacent to u. It follows by the Courant–Weyl inequalities [7,
Theorem 2.1] that
Lemma 2.3 ([6,7]). The Laplacian eigenvalues of G and G′ = G+ e interlace, that is,
λ1(G′) ≥ λ1(G) ≥ λ2(G′) ≥ λ2(G) ≥ · · · ≥ λn(G′) = λn(G) = 0.
The join of two vertex disjoint graphs G1, G2 is the graph G1 ∨ G2 obtained from their union by including all edges between
the vertices in G1 and the vertices in G2.
Lemma 2.4 ([8,9]). If G1 and G2 are graphs on k and m vertices respectively, with eigenvalues 0 = λk(G1) ≤ λk−1(G1) ≤
· · · ≤ λ1(G1) and 0 = λm(G2) ≤ λm−1(G2) ≤ · · · ≤ λ1(G2) respectively, then the Laplacian eigenvalues of G1 ∨ G2 are given
by 0, λk−1(G1)+m, . . . , λ1(G1)+m, λm−1(G2)+ k, . . . , λ1(G2)+ k, and m+ k.
It is well known that
Lemma 2.5 ([10,11]). If G = (V , E) is a graph of order n, then λ1(G) = n if and only if G = G1 ∨ G2, where G1 and G2 have at
least one vertex.
Now, we give the following main result of this section.
Theorem 2.1. Let G be a connected graph of order n (n ≥ 2) with minimum degree δ(G). If G 6∼= Kn, then λn−1(G) ≤ δ(G).
Moreover, if δ(G) ≤ n2 , then the equality holds if and only if G = G1 ∨ (K1 ∪ G2), where G2 is a graph on n− δ(G)− 1 vertices.
Proof. Since G is connected and G 6∼= Kn, then Gc has at least one edge. By Lemma 2.1, λ1(Gc) ≥ ∆(Gc) + 1 = n − δ(G).
Using Lemma 2.2, we get λn−1(G) = n− λ1(Gc) ≤ δ(G). Thus, the upper bound follows. Next we consider the condition for
the equality holding if δ(G) ≤ n2 .
Firstly, we show that λn−1(G) = δ(G) implies that G = G1 ∨ (K1 ∪ G2), where G2 is a graph on n− δ(G)− 1 vertices. We
claim that Gc is disconnected. Otherwise, if Gc is connected, then∆(Gc) ≤ n− 2 because G is connected. By Lemma 2.1, we
get λ1(Gc) > ∆(Gc) + 1 = n − δ(G). While Lemma 2.2 implies that λn−1(G) < δ(G), a contradiction to λn−1(G) = δ(G).
Thus, the claim follows, i.e., Gc is disconnected. Moreover, since G 6∼= Kn, then∆(Gc) = n− 1− δ(G) ≥ 1. Thus, there exists
one connected component of Gc , says H , such that H has at least ∆(Gc) + 1 = n − δ(G) ≥ 2 vertices and one vertex of
degree∆(Gc).
Now assume H has at least n− δ(G)+ 1 vertices. Note that n− δ(G)+ 1 > ∆(Gc)+ 1, by Lemma 2.1 we can conclude
that λ1(Gc) ≥ λ1(H) > ∆(Gc) + 1 = n − δ(G), thus λn−1(G) < δ(G) by Lemma 2.2, a contradiction to λn−1(G) = δ(G).
Thus, H has exactly n− δ(G) vertices and one vertex of degree∆(Gc) = n− δ(G)− 1. Therefore, G = G1 ∨ (K1 ∪G2), where
G2 is a graph on n− δ(G)− 1 vertices.
Finally we prove that if G = G1 ∨ (K1 ∪ G2), where G2 is a graph on n − δ(G) − 1 vertices, then λn−1(G) = δ(G). We
only need to show that λn−1(G) ≥ δ(G). Since n − δ(G) ≥ δ(G), by Lemmas 2.3 and 2.4, λn−1(G) ≥ λn−1(Kδ(G),n−δ(G)) =
δ(Kδ(G),n−δ(G)) = δ(G).
By combining the above arguments, the result follows. 
Remark 1. Note that λn−1(G) ≤ δ(G) is known as the Fiedler [1] inequality. Here we just give a new proof to it, and we also
characterize the condition for the equality holding if δ(G) ≤ n2 .
Let G be a simple connected graph of order n (>2). Das in [6] had shown that if G has a pendant vertex, then λn−1(G) is
less than or equal to 1. Moreover, λn−1(G) is strictly less than 1 if the pendant vertex is not adjacent to the highest degree
vertex. Actually, we can improve his result to be
Corollary 2.1. If G is a connected graph of order n (n ≥ 2) with at least one pendant vertex, then λn−1(G) ≤ 1, where the
equality holds if and only if G = K1 ∨ (K1 ∪ H).
Proof. By Theorem 2.1, it follows immediately. 
For convenience, we use ω(G) to denote the number of vertices of G.
Theorem 2.2. Let G be a connected graph on n vertices. If G has a vertex v such that d(v) = n− 1 and λn−1(G) < 2, then G is
determined by its Laplacian spectrum if and only if G− v is determined by its Laplacian spectrum.
3614 M. Liu, B. Liu / Computers and Mathematics with Applications 59 (2010) 3612–3616
Proof. If G − v is not determined by its Laplacian spectrum, i.e., there exists other graph G1 (6∼=G − v) with n − 1 vertices
having the same Laplacian spectrum as G− v, then G1 ∨ K1 and G also share the same Laplacian spectrum. But G1 ∨ K1 6∼= G,
then G is not determined by its Laplacian spectrum.
If G− v is determined by its Laplacian spectrum, since d(v) = n− 1, then λ1(G) = n by Lemma 2.1. Now suppose there
exists other graph H having the same Laplacian spectrum as G. By Lemma 2.5, H = H1 ∨ H2. Suppose ω(H1) ≥ ω(H2). We
claim that ω(H1) = n − 1. Otherwise, if ω(H1) ≤ n − 2, then λn−1(H) ≥ λn−1(Kω(H1),ω(H2)) = ω(H2) ≥ 2 by Lemmas 2.3
and 2.4, it is a contradiction to λn−1(G) < 2. Thus, H also has a vertex of degree n− 1. By Lemma 2.4, H ∼= G because G− v
is determined by its Laplacian spectrum. 
By Theorems 2.1 and 2.2, we have
Corollary 2.2. Let G be a connected graph on n vertices with at least one pendant vertex and a vertex v such that d(v) = n− 1,
then G is determined by its Laplacian spectrum if and only if G− v is determined by its Laplacian spectrum.
Remark 2. The condition λn−1(G) < 2 in Theorem 2.2 cannot be deleted. For example, K1∨C6 and (K1∪K1)∨ (K2∪K2∪K1)
share the same Laplacian spectrum, but they are non-isomorphic.
Remark 3. It has been shown in [12] that the cycle Cn, the path Pn and the disjoint union of k disjoint paths Pn1 + · · · + Pnk ,
are determined by their Laplacian spectra, respectively. If 3 ≤ n ≤ 5, it is easy to see that K1 ∨ Cn is determined by its
Laplacian spectrum. If n ≥ 7, note that λn−1(Cn) = 2(1 − cos 2pin ) ≤ 2(1 − cos 2pi7 ) < 0.7531 (see [3]), then K1 ∨ Cn is also
determined by its Laplacian spectrum by Lemma 2.4 and Theorem 2.2. With the same reason, we can conclude that K1 ∨ Pn
and K1 ∨ (Pn1 + · · · + Pnk) are also determined by their Laplacian spectra because λn−1(Pn) = 2(1 − cospin ) (see [3]) and
λn−1(Pn1 + · · · + Pnk) = 0 for k ≥ 2.
3. The Laplacian integral graphs
A graph is called a Laplacian integral graph if the spectrum of its Laplacian matrix consist of integrals. Sometimes, we
say that G is Laplacian integral if G is a Laplacian integral graph. Up to now, many results on the Laplacian integral graphs
are obtained [9,13,14], but it is still a difficult problem to determine the characterization of Laplacian integral graphs. In this
section, we determine all the Laplacian integral unicyclic and bicyclic graphs. By Lemma 2.4 and Theorem 2.1, we have
Proposition 3.1. If G is a connected graph of order n (n ≥ 2) with minimum degree δ(G) ≤ n2 , then G is a Laplacian integral
graph with λn−1(G) = δ(G) if and only if G = G1∨ (K1∪G2), where G1 and G2 are Laplacian integral, and the number of vertices
of G2 is n− δ(G)− 1.
Proof. If G = G1∨ (K1 ∪G2), where G1 and G2 are Laplacian integral, by Lemma 2.4 we can conclude that G is also Laplacian
integral. On conversely, if G is Laplacian integral and λn−1(G) = δ(G), since G is connected, Theorem 2.1 implies that
G = G1 ∨ (K1 ∪ G2), where the number of vertices of G2 is n− δ(G)− 1. Moreover, by Lemma 2.4, G1 and G2 are Laplacian
integral. This completes the proof of this result. 
Note that if a connected Laplacian integral graph G has at least one pendant vertex, then G must has 1 as its Laplacian
eigenvalue. Thus, by Proposition 3.1 we have
Theorem 3.1. If G is a connected graph of order n (n ≥ 2) with at least one pendant vertex, then G is Laplacian integral if and
only if G = K1 ∨ (K1 ∪ H), where H is a Laplacian integral graph of order n− 2.
By Theorem 3.1, it immediately follows that
Corollary 3.1. If T is a tree of order n (n ≥ 2), then T is Laplacian integral if and only if T ∼= K1,n−1. Thus, T is determined by
its Laplacian spectrum if it is Laplacian integral.
A graph U is called a unicyclic graph if U is connected with n vertices and n edges. Let S1(n)(n ≥ 4) denote the (unique)
unicyclic graph obtained from K1,n−1 by adding one edge to the pendant vertices of K1,n−1.
Theorem 3.2. If U is a unicyclic graph of order n (n ≥ 3), then U is Laplacian integral if and only if U ∼= S1(n) or U ∼= C3 or
U ∼= C4 or U ∼= C6.
Proof. By an elementary computation, we have λn−1(Cn) = 2(1 − cos 2pin ) (or see [3]). If n ≥ 7, since Cn is connected, then
0 < λn−1(Cn) = 2(1− cos 2pin ) ≤ 2(1− cos 2pi7 ) < 0.7531, thus Cn is not Laplacian integral. If 3 ≤ n ≤ 6, it is easy to see that
Cn is Laplacian integral if and only if n = 3, 4, or 6. Therefore, if U ∼= Cn, then U is Laplacian integral if and only if n = 3, 4,
or 6.
If U 6∼= Cn, then U has at least one pendant vertex and n ≥ 4. By Theorem 3.1, we can deduce that U ∼= S1(n). On
conversely, if U ∼= S1(n), Lemma 2.4 implies that U is Laplacian integral. This completes the proof of this result. 
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Fig. 1. The graphs B(p, s, q) and P(p, s, q).
Fig. 2. The graphs F and H .
Corollary 3.2. If U is a unicyclic graph of order n (n ≥ 3), then it is determined by its Laplacian spectrum if it is Laplacian
integral.
Proof. If U is Laplacian integral, by Theorem 3.2 it follows that U ∼= S1(n) or U ∼= C3 or U ∼= C4 or U ∼= C6.
Dam et al. had proved that [12] Cn is determined by its Laplacian spectrum, i.e., there does not exist other graph having
the same Laplacian spectrum as Cn. Thus, C3, C4 and C6 are determined by their Laplacian spectra.
Suppose H has the same Laplacian spectrum as S1(n), then λn−1(H) = λn−1(S1(n)) > 0, which implies that H is
connected. Moreover, since λ1(H)+ · · · + λn(H) = λ1(S1(n))+ · · · + λn(S1(n)) = 2n, then H is also a unicyclic graph. By
Theorem 3.2, it follows that H ∼= S1(n). Thus, S1(n) is also determined by its Laplacian spectrum. 
A graph B is called a bicyclic graph if B is connected with n vertices and n+ 1 edges. Let Cp and Cq be two vertex-disjoint
cycles. Suppose that u ∈ V (Cp) and v ∈ V (Cq). In [15], Guo introduced the graph B(p, s, q) (Fig. 1), which is obtained from
Cp and Cq by joining u and v by a path (u =)v1v2 · · · vs(= v) of length s− 1, where s = 1 means identifying u and v.
Let Pp+1, Pq+1 and Ps+1 be three vertex-disjoint paths, where p, s, q ≥ 1 and at most one of them is 1. Identifying the
three initial vertices and terminal vertices of them, respectively, the resulting graph (Fig. 1), denoted by P(p, s, q), is also
reported in [15].
Suppose v is a vertex of a connected graph G, if G− v is disconnected, then v is called a cutpoint of G.
Lemma 3.1 ([16]). If G is a connected graphwith a cutpoint v, then λn−1(G) ≤ 1, where equality holds if and only if v is adjacent
to every vertex of G.
Lemma 3.2 ([17,18]). Let G be a connected graph. Then λ1(G) ≤ max{d(v)+ m(v) : v ∈ V }, where m(v) = ∑
u∈N(v)
d(u)/d(v).
Moreover, the equality holds if and only if G is a regular bipartite graph or a bipartite semiregular graph.
Let S2(n)(n ≥ 5) denote the (two) bicyclic graphs obtained from K1,n−1 by adding two edge to the pendant vertices of K1,n−1.
Theorem 3.3. If B is a bicyclic graph of order n (n ≥ 4), then B is Laplacian integral if and only if B ∼= S2(n) or B ∼= K2,3 or
B ∼= F or B ∼= H, where F and H are shown in Fig. 2.
Proof. By Lemma 2.4, it is easy to see that S2(n) and K2,3 are Laplacian integral. Moreover, by an elementary computation it
follows that F and H are also Laplacian integral. Next we shall show that if B is Laplacian integral, then either B ∼= S2(n) or
B ∼= K2,3 or B ∼= F or B ∼= H holds.
If B has at least one pendant vertex and B is Laplacian integral, then B ∼= S2(n) follows from Theorem 3.1. Thus, we only
need to consider the case that B contains no pendant vertex. Then, B is one graph of B(p, s, q) or P(p, s, q) (see Fig. 1). We
divide the proof into two cases.
Case 1. B is one graph of B(p, s, q). If s ≥ 2, then v1 is a cutpoint of B. By Lemma 3.1, we can conclude that 0 < λn−1(G) < 1,
thus B is not Laplacian integral.
If s = 1, clearly n ≥ 5. If n = 5, then B is one graph of S2(5), and hence B is Laplacian integral. If n ≥ 6, by Lemmas 2.1
and 3.2 we can conclude that 5 < λ1(B) < 6, then B is not Laplacian integral.
Case 2. B is one graph of P(p, s, q). Without loss of generality, suppose p ≥ q ≥ s. We consider the next cases.
Subcase 1. s ≥ 2. If p ≥ 3, by Lemmas 2.1 and 3.2 it follows that 4 < λ1(B) < 5, thus B is not Laplacian integral. If p = 2,
then B ∼= K2,3 and hence is Laplacian integral.
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Subcase 2. s = 1. If n ≤ 6, it is easy to see that B is Laplacian integral if and only if B ∼= F or B ∼= H . If n ≥ 7, by Lemma 2.3 we
can conclude that 0 < λn−1(B) ≤ λn−2(Cn) = λn−1(Cn) = 2(1− cos 2pin ) ≤ 2(1− cos 2pi7 ) < 0.7531. Thus, B is not Laplacian
integral.
By combining the above arguments, this completes the proof. 
Corollary 3.3. If B is a bicyclic graph of order n (n ≥ 4), then it is determined by its Laplacian spectrum if it is Laplacian integral.
Proof. When n ≤ 6, if B is Laplacian integral, then B ∼= S2(n) or B ∼= K2,3 or B ∼= F or B ∼= H . By an elementary computation,
B is determined by its Laplacian spectrum.
When n ≥ 7, if B is Laplacian integral, then B ∼= S2(n) by Theorem 3.3. Suppose H has the same Laplacian spectrum
as S2(n), then λn−1(H) = λn−1(S2(n)) > 0, which implies that H is connected. Moreover, since λ1(H) + · · · + λn(H) =
λ1(S2(n))+ · · · + λn(S2(n)) = 2n+ 2, then H is also a bicyclic graph. By Theorem 3.3, it follows that H ∼= S2(n). Thus, S2(n)
are determined by their Laplacian spectra. 
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